Abstract. Given hypergraphs H and F , an F -factor in H is a spanning subgraph consisting of vertex disjoint copies of F . Let K 3 4 − e denote the 3-uniform hypergraph on 4 vertices with 3 edges. We show that for γ > 0 there exists an integer n0 such that every 3-uniform hypergraph H of order n > n0 with minimum codegree at least (1/2 + γ)n and 4|n contains a (K 3 4 − e)-factor. Moreover, this bound is asymptotically the best possible and we further give a conjecture on the exact value of the threshold for the existence of a (K 3 4 − e)-factor. Therefore, all minimum codegree thresholds for the existence of F -factors are known asymptotically for 3-uniform hypergraphs F on 4 vertices.
Introduction
Given hypergraphs H and F , an F -factor (or a perfect F -tiling or a perfect F -matching) in H is a spanning subgraph consisting of vertex disjoint copies of F . Clearly, if H contains an F -factor then |F | divides |H|. A k-uniform hypergraph, k-graph for short, is a pair H = (V (H), E(H)), where V (H) is a finite set of vertices and E(H) ⊂ V (H) k
. Often we write V instead of V (H) when it is clear from the context. For a k-graph H and an l-set T ∈ V l , let deg(T ) be the number of (k − l)-sets S ∈ V k−l such that S ∪ T is an edge in H, and let δ l (H) be the minimum l-degree of H, that is, δ l (H) = min{deg(T ) : T ∈ V l }. Define t k l (n, F ) to be the smallest integer d so that every k-graph of order n with δ l (H) ≥ d contains an F -factor. If n is not divisible by |F |, then t k l (n, F ) = n−l k−l . Hence, we always assume that |F | divides n.
For graphs (that is, 2-graphs), a classical theorem of Hajnal and Szemerédi [6] states that t 2 1 (n, K t ) = (t − 1)n/t. Furthermore, t 2 1 (n, F ) is known up to an additive constant for every 2-graph F , see [11] . For graphs F , there is a large body of research on t 2 1 (n, F ), for surveys see [10, 15] . In the case of hypergraphs (k ≥ 3), only a few values of t k l (n, F ) are known. Note that when F is a single edge K k k , a K k k -factor is equivalent to a perfect matching. Rödl, Ruciński and Szemerédi [14] proved that
− k + ǫ, where ǫ ∈ {3/2, 2, 5/2, 3}.
For k > l ≥ 1, Kühn and Osthus [10] and independently Hán, Person and Schacht [7] conjectured that
This conjecture has been verified for various cases of k and l. We recommend [13] for a survey in t k l (n, K k k ). Here, we focus to the case when k = 3, l = 2 and |F | = 4. Let K 3 4 be the complete 3-graph on 4 vertices. The authors [12] showed that t 3 2 (n, K 3 4 ) = (3/4 + o(1))n, and independently Keevash and Mycroft [8] determine the exact value of t 3 2 (n, K 3 4 ) for n sufficiently large. For 1 ≤ i ≤ 3, let K 3 4 − ie be the unique 3-graph on 4 vertices with (4 − i) edges. Kühn and Osthus [9] showed that t 3 2 (n, K 3 4 − 2e) = (1/4 + o(1))n, and the exact value was determined by Czygrinow, Debiasio and Nagle [3] . Let A and B be set of n/4 − 1 vertices and 3n/4 + 1 respectively. By considering the 3-graph H such that V (H) = A ∪ B and every edge meets A, we can deduce that t 3 2 (n, K 3 4 − 3e) > n/4 − 1. Moreover, n/4 ≤ t In this paper, we investigate t 3 2 (n, K 3 4 − e), the only remaining case for 3-graphs on 4 vertices. It is easy to show that t 3 2 (4, K 3 4 − e) = 1. Also, we know that t 3 2 (8, K 3 4 − e) = 4 by a computer search. For n ≥ 12, we give the following lower bound on t 3 2 (n, K 3 4 − e). Proposition 1.1. For integers n ≥ 8 with 4|n
We show that the inequality above is indeed asymptotically sharp. Theorem 1.2. Given a constant γ > 0, there exists an integer n 0 = n 0 (γ) such that for n ≥ n 0 and 4|n
We further conjecture that equality holds in Proposition 1.1. Conjecture 1.3. For integers n ≥ 8 with 4|n
if n = 0 (mod 3) n/2 − 1 if n = 0 (mod 3).
Notations and preliminaries
For the remainder of the paper, we will only consider 3-graphs unless stated otherwise. For simplicity, we write K 4 and K − 4 for K 3 4 and K 3 4 − e respectively. We refer to the set {1, . . . , a} as [a] for a ∈ N.
For a 3-graph H and a vertex set U ⊂ V (H), H[U ] is the subgraph of H induced by the vertices of U . We write v to mean the set {v} when it is clear from the context. Let V 1 , . . . , V l be a partition of V (H). We say that an edge
and denote the number of edges of type
. Similarly, we define types for K − 4 . Given a 3-set T , we set L(T ) to be the set of vertices v such that
For an edge e, we write L(e) to mean L(V (e)). Proposition 2.1. Let H be a 3-graph of order n. Then, for every edge e,
Proof. Let e = xyz. Denote n i to be the number of vertices v in exactly i neighbourhoods of {x, y}, {x, z} and {y, z}. Note that n i = n and in i ≥ 3δ 2 (H). Thus, 2n 3 + n 2 ≥ 3δ 2 (H) − n. If a vertex v is in at least two neighbourhoods of {x, y}, {x, z} and {yz}, then H[{x, y, z, v}] contains a K 
, where the lower bound is due to Frankl and Füredi [5] and the upper bound is due to Baber and Talbot [1] . If H is a 3-graph of order n with e(H) > ex(n, K − 4 ) + cn 3 , then we have the 'supersaturation' phenomenon discovered by Erdős and Simonovits [4] . We study some basic properties of (i, η)-closeness. Proposition 2.4. Let i > 0 be an integer and let η, ǫ > 0 be constants. Let H be a 3-graph of order n sufficiently large. Suppose that
Proof. Let y ∈ N i (x) and m = 4i − 1. To prove the proposition, it is enough to show that y is (i + 1, η ′ )-close to x for some η ′ > 0. There are at least ηn m (x, y)-connectors S of length i. Fix an (x, y)-connector S of length i. Let z ∈ N i (x)\(S ∪ {x, y}). There are at least ηn m (x, z)-connectors S ′ of length i. Moreover, the number of S ′ containing a vertex in S ∪ y is at most (m + 1)n m−1 < ηn m /2. Hence, there are at least
. By an averaging argument, the number of K
Recall that S is an (x, y)-connector of length i, so S ∪U is an (x, y)-connector of length i + 1. Note also that there are
Lemma 2.5. Let i X , i Y > 0 and i ≥ 0 be integers and let η X , η Y , η, ǫ > 0 be constants. Let H be a 3-graph of order n sufficiently large with vertices x, y ∈ V . Suppose there are at least ǫn 4i+1 copies of (X, Y )-bridges of length i,
Proof. Let i 0 = i X +i Y +i and let η 0 > 0 be a constant sufficiently small. Let
There are at most (m + 2)n m+1 < ǫn m+2 copies of (X, Y )-bridges (x ′ , y ′ , S) of length i with {x, y} ∩ (S ∪ {x ′ , y ′ }) = ∅. Hence, the number of (X, Y )-bridges (x ′ , y ′ , S) with x ′ ∈ X\(S ∪ {x, y}) and y ′ ∈ Y \(S ∪ {x, y}) is at least ǫn m+2 /2. Fix one such (X, Y )-bridge (x ′ , y ′ , S). Since x ′ ∈ X\x, the number of (x, x ′ )-connectors S X of length i X such that S X ∩ (S ∪ {x, x ′ , y, y ′ }) = ∅ is at least
and fix one such S X . Similarly, the number of (y,
and fix one such
Note that S 0 is an (x, y)-connector of length i 0 . Moreover, there are at least We now state the absorption lemma for K − 4 -factors, which is a special case of Lemma 1.1 in [12] . Lemma 2.6 (Absorption lemma [12] ). Let i > 0 and η > 0 be an integer and a constant. Then, there is an integer n 0 satisfying the following: Suppose that H is a 3-graph of order n ≥ n 0 and H is (i, η)-closed, then there exists
3.
A lower bound on t 3 2 (n, K 3 4 − e) In this section, our aim aim is to prove Proposition 1.1. First we need the following simple proposition. Proof. We are going to prove by induction on n. For n = 5, we consider the 3-graph on vertex set {v 1 , . . . , v 5 } with edge set Proof of Proposition 1.1. For n = 8, we consider the 3-graph H with vertex set {v 1 , . . . , v 8 } and edge set
-factor. Thus, we may assume that n > 8.
For integers a, b > 0, let A = {v 1 , . . . v a } and B = {w 1 , . . . w b } be two disjoint vertex sets. We define a 3-graph H a,b on the vertex set A ∪ B as follows:
(
, we could consider H * n/2+1,n/2−1 instead of H n/2−1,n/2+1 . In fact, there is a third and probably the simplest construction, which also gives the same result. Let A and B be vertex sets of sizes n/2 − 1 and n/2 + 1 respectively. Define H ′ to be the 3-graphs on A ∪ B such that every edge contain even number of vertices in A. Note that δ 2 (H) = n/2 − 2 and every K 4. An upper bound on t 3 2 (n, K 3 4 − e) In the next theorem, we study the relationship between δ 2 (H) and the number of the vertex disjoint copies of K − 4 in H. Note that |H| is not assumed to be divisible by 4 in the hypothesis. Theorem 4.1. Let l ≤ (n − 13)/4 be an integer. Let H be a 3-graph of order n with δ 2 (H) > (n + 2l − 2)/3. Then, there exists at least l vertex disjoint copies of K − 4 in H. Proof. Let T be a set of vertex disjoint copies of K − 4 and edges in H. Let T 1 and T 2 be the set of K − 4 and edges of T respectively. If |T 1 | ≥ l, then we are done. Hence, we may assume that |T 1 | < l for all T . We define the weighting w(T ) of T to be w(T ) = 5|T 1 | + 2|T 2 |. We assume that T is chosen such that w(T ) is maximal.
First, we are going to show that |T 2 | < 4. Suppose the contrary, so there are 4 disjoint edges e 1 , e 2 , e 3 , e 4 ∈ T 2 . Note that if v ∈ L(e i ) for some 1 ≤ i ≤ 4, then v ∈ V (T 1 ). Otherwise, T ′ = (T \{e i , e 0 }) ∪ {V (e i ) ∪ v} contradicts the maximality of w(T ), where e 0 is the edges in T contained v if it exists. By Proposition 2.1, |L(e i )| ≥ (3δ 2 (H) − n)/2 > l − 1 for i ∈ [4] . Thus, there exists S = {v 1 , v 2 , v 3 , v 4 } ∈ T 1 such that i∈ [4] |L(e i ) ∩ S| ≥ 5. Without loss of generality, we may assume by the König-Egerváry Theorem (see [2] Theorem 8.32) that v 1 ∈ L(e 1 ) and v 2 ∈ L(e 2 ). Set
Again by the König-Egerváry Theorem, we may assume without loss of generality that x i y i v i is an edge for i ∈ [3] . Set
Note that w(T ′ ) − w(T ) ≥ 3 × 2 − 5 = 1, a contradiction. This complete the proof of theorem.
Next, we are going to prove Theorem 1.2. We proceed by the absorption technique of Rödl, Ruciński and Szemerédi [14] . We require the following lemma, where is proven in Section 5.
Lemma 4.2. Let γ > 0 and let H be a 3-graph of order n sufficiently large with δ 2 (H) ≥ (1/2 + γ)n. Then, H is (i, η)-closed for some integer i and constant η > 0.
Proof of Theorem 1.2. Let γ > 0 and let H be a 3-graph H of order n sufficiently large with 4|n and δ 2 (H) ≥ (1/2 + γ)n. In order to prove Theorem 1.2, it is enough to show that H contains a K − 4 -factor. By Lemma 4.2, H is (i, η)-closed for some i and η > 0. We may further take η to be sufficiently small (η 4 /2 6 < γ would do). Let U be the vertex set given by Lemma 2.6 and so |U | ≤ η 4 n/2 6 . Let
where n ′ = n − |U |. There exists a family T of vertex disjoint copies of K 
Proof of
Recall that N i,η (v) is the set of vertices that are (i, η)-closed to v. First, we show that the size of N 1,γ 2 /12 (v) is at least (1/4 + γ)n for every v ∈ V .
Proposition 5.1. Let γ > 0 and let H be a 3-graph of order n > 8/γ with δ 2 (H) ≥ (1/2 + γ)n. Then, for v ∈ V there are at least (1/4 + γ)n vertices y such that y is (1, γ 2 /12)-close to v.
Proof. Write δ = δ 2 (H) and V ′ = V \v. Let {x, y} ∈ N (v), i.e. vxy is an edge. Note that there are at least δ(n − 1)/2 ≥ n 2 /4 such pairs. Let G be a bipartite graph with the following properties. The vertex classes of G are V ′ and E ′ , where E ′ is a set of edges e such that v ∈ L(e). For y ∈ V ′ and e ∈ E ′ , {y, e} is an edge in G if and only if y ∈ L(e). Note that |E ′ | ≥ γn 3 /6. For e ∈ E ′ d G (e) = |L(e)\v| ≥ (1/4 + 3γ/2) n − 1 > (1/4 + 11γ/8) n by Proposition 2.1. We claim that there are more than (1/4 + γ)n vertices y ∈ V ′ with d G (y) ≥ γ|E ′ |/2. Indeed, it is true or else we have
We are going to partition V into at most three classes such that each class is of size at least (1/4 + γ)n and (⌈4/γ⌉ + 2, η)-closed in H for some η > 0.
Lemma 5.2. Let γ > 0 and let H be a 3-graph of order n with δ 2 (H) ≥ (1/2 + γ)n. Then, there exist a constant η > 0 and a vertex partition of V into at most three classes such that each class W is (⌈4/γ⌉ + 2, η)-closed in H and |W | ≥ (1/4 + 3γ/4)n.
Proof. Throughout this proof, η 1 , . . . , η ⌈4/γ⌉+2 are assumed to be a decreasing sequence of strictly positive sufficiently small constants. We write i-close to mean (i,
Thus, H is 4-closed by Lemma 2.5. Hence, we may assume that there exists a vertex v such that | N 2 (v)| < (1 + γ)n/2. Let U be the set of vertices u ∈ N 1 (v) such that
Claim 5.3. The size of U is at least (1 + 3γ)n/4 and U is 2-closed in H.
Proof of claim. Note that if
Therefore, by summing over all w / ∈ N 2 (v), we have
Since
Therefore, by summing over u ′ ∈ N 1 (v)\U and (1), we have
Again recall that | N 1 (v)| ≥ (1/4 + γ)n by Proposition 5.1, so |U | ≥ (1 + 3γ)n/4 as desired. Furthermore, for u, u ′ ∈ U , we have
as | N 2 (v)| < (1 + γ)n/2. Hence, u and u ′ are 2-close to each other by Lemma 2.5.
For an integer i > 0, we define U i to be the set of vertices 
Thus, we are done by repeating the whole argument at most twice by replacing V with V ′ .
To prove Lemma 4.2, it is sufficient to consider the case when there are two or three partition classes satisfying the conditions in Lemma 5.2. First, we consider the case when there are exactly two partition classes as its proof will form the framework for the case when there are three partition classes. Proof. Write δ = δ 2 (H). Without loss of generality, we may assume that
> 0 be constants sufficiently small satisfying the following six inequalities:
. In addition, throughout this proof, η 1 , η 2 , . . . are assumed to be a decreasing sequence of strictly positive sufficiently small constants. Recall that an (X, Y )-bridge of length i is a triple (x, y, S) such that x ∈ X, y ∈ Y and S is an (x, y)-connector of length i. By Lemma 2.5, to prove the lemma it is enough to show that there are at least ǫn 4i+1 (X, Y )-bridges of length i for some ǫ > 0. Recall that L(e) is the number of K − 4 contained the edge e and |L(e)| ≥ (1/4 + γ)n by Proposition 2.1. We now divide into various cases depending on the type of e and L(e). For each case, we are going to show that there are many (X, Y )-bridges and so we prove Lemma 5.4.
Case 1 : There exist c 1 n 3 edges e such that |L(e) ∩ X| ≥ ǫ 1 n and |L(e) ∩ Y | ≥ ǫ 1 n. For each such edge e, (x, y, V (e)) is (X, Y )-bridge for x ∈ L(e) ∩ X and y ∈ L(e) ∩ Y . Therefore, there are at least c 1 ǫ 2 1 n 5 (X, Y )-bridge of length 1.
Case 2 : There exist c 2 n 4 copies T of K 4 such that |T ∩X| = 2 = |T ∩Y |. There are at least (c 2 − ǫ 2 )n 3 edges e of type XXY contained in at least ǫ 2 n copies of these K 4 . Otherwise, the number of these K 4 is at most
a contradiction. Note that for each such edge e, |L(e)∩Y | ≥ ǫ 2 n. By Case 1, we may assume that there are at least (c 2 − ǫ 2 − c 1 )n 3 edges e of type XXY contained in at least ǫ 2 n copies of these K 4 with |L(e) ∩ X| ≤ ǫ 1 n. Fix one such edge xx ′ y and let y ′ ∈ Y such that H[{x, x ′ , y, y ′ }] is a K 4 . Note that there are (c 2 − ǫ 2 − c 1 )ǫ 2 n 4 /2 choices for x, x ′ , y and y ′ .
Similarly,
In addition, we have
as
Together with (2), (3), (4) and (5), we have
Recall that there are (c 2 − ǫ 2 − c 1 )ǫ 2 n 4 /2 choices of {x, x ′ , y, y ′ }. Suppose that at least (c 2 − ǫ 2 − c 1 )ǫ 2 n 4 /8 copies of
Thus, the number of (X, Y )-bridges (of length 1) is at least (c 2 − ǫ 2 − c 1 )ǫ 2 ǫ ′ 2 n 5 /24. Therefore, we may assume without loss of generality that there are at least (c 2 − ǫ 2 − c 1 )ǫ 2 n 4 /8 copies of
Again, the number of (X, Y )-bridges is at least (c 2 − ǫ 2 − c 1 )ǫ 2 ǫ ′ 2 n 5 /24. Case 3 : There exist c 3 n 3 edges xyy ′ of type XY Y such that |L(xyy ′ ) ∩ X| ≥ ǫ 3 n. By Case 1, we may assume that there are at least c 3 n 3 /2 edges xyy ′ of type XY Y such that |L(xyy ′ ) ∩ Y | < ǫ 1 n. Since xyy ′ is an edge and
n. Since |X|+|Y | = n and |X| ≤ n/2 ≤ |Y |, (by combining the two inequalities above together) we have 
Furthermore, there are at least (η X n m X /2) 2 choices for the pair (S 2 , S 3 ). Set
Note that there is a K For x, x ′ ∈ X and y, y ′ ∈ Y , define a(x, x ′ , y, y ′ ) to be the number of edges in
We sum a(x, x ′ , y, y ′ ) over all x, x ′ ∈ X and y, y ′ ∈ Y , so each edge of type XXY (and XY Y ) is counted |Y | − 1 (and |X| − 1) times, i.e.
If
. By an averaging argument there are at least (2 −11 ǫ ′ 5 − ǫ 3 )n 3 ≥ c 3 n 3 edges e of type XY Y with |L(e) ∩ X| ≥ ǫ 3 n. This implies that Case 3 holds, a contradiction. Thus, we may assume that a(x, x ′ , y, y
Recall that n/4 ≤ |X| = n − |Y | and δ ≥ n/2. Therefore, (6) becomes Case 1 ′ : There exist c 1 n 3 edges e such that two of |L(e)∩X ′ |, |L(e)∩Y ′ | and |L(e) ∩ Z ′ | is at least ǫ 1 n. Let e be an edge such that |L(e) ∩ X ′ |, |L(e) ∩ Y ′ | ≥ ǫ 1 n. Then, (x, y, V (e)) is (X ′ , Y ′ )-bridge for x ∈ L(e) ∩ X ′ and y ∈ L(e) ∩ Y ′ . Therefore, there are at least ǫ 2 1 c 1 n 5 copies of 1-bridges. Case 2 ′ : There exist c 2 n 4 copies T of K 4 such that |T ∩X| = 2 = |T ∩Y |. By following the argument used in proving Case 2 in the proof of Lemma 5.4 (where we replace Case 1 with Case 1'), we deduce that there are ǫn 5 (X, Y )-bridges of length 1.
Case 3 ′ : There exist c 3 n 3 edges xy 1 y 2 of type XY Y such that |L(xy 1 y 2 )∩ X| ≥ ǫ 3 n. By Case 1 ′ , we may assume that there are at least c 3 n 3 /2 edges xy 1 y 2 of type XY Y such that |L(xy 1 y 2 ) ∩ Y | < ǫ 1 n. By the same argument used in Case 3 in the proof of Lemma 5.4, we deduced that Case 2 ′ holds and so we are done. 
